In this work we discuss the rate of simultaneous approximation of Hölder continuous functions by Bernstein operators, measured by Hölder norms with different exponents. We extend the known results on this topic.
Introduction

Let
Using this quantity, for 0 ≤ α ≤ 1 and 0 < δ ≤ 1, we also define for f ∈ C[0, 1]
To formulate our main result we introduce the following notation: For
In particular,
It is clear that the space C 0,α [0, 1] coincides with the space Lip α [0, 1] (see [8] ), which is complete under the so-called Hölder norm · 0,α and its elements are said to satisfy a Lipschitz or Hölder condition of order α.
As a continuation of a result in [2] where, for the classical Bernstein operator B n , it was proved that for all f ∈C 0,α [0, 1], the quantity B n f − f 0,α converges to 0 as n → ∞, in [4] the following quantitative variant of this convergence was established:
Theorem A There exists a constant K such that for every f ∈C 0,α [0, 1], 0 < α < 1,
A similar inequality was given by Bustamante and Roldan in [3] . The aim of the present note is to generalize Theorem A for f ∈C m,α [0, 1], m ∈ N 0 . Very recently in [6] the following result for simultaneous approximation by Bernstein operators in Hölder norms was proved:
Here C r is a constant depending only on r.
In the sequel we consider the case r = m and 0 ≤ β ≤ α ≤ 1. Our main result is
n ≥ max{r + 2, r(r + 1)} one has
.
Proof of Theorem 1
Proof: For r = 0 from the well-known inequality of Popoviciu we obtainusing a slightly improved version given in Lorentz' book [8] -
For r ≥ 1 we use Popoviciu's inequality again to obtain
For 1 ≤ i ≤ r − 1 and n ≥ max{r + 2, r(r + 1)} we apply an estimate for simultaneous approximation due to Knoop and Pottinger [7] (see also [1] ):
For i = r also the result in [7] yields, for the same values of n,
From (1'), (3) and after summing up (2) for 1 ≤ i ≤ r − 1 we get
with C r = r(r−1) 2
= O(r 2 ). To estimate the Hölder term Θ β ((B n f − f ) (r) ), r ≥ 0, we consider two cases according to the value of h. First we verify that
where in the last inequality we have used Proposition 3.2 in [5] :
Further for
≤ h ≤ 1 we apply again the estimate in [1] and obtain
Therefore with (4), (5) and (6) we complete the proof of our theorem with upper bound for C r being 3 2 · r(r − 1) + 1.25, r ≥ 1. Also (1) and (6) yield that C 0 = 0, which finally gives C r ≤ 3 2 r 2 for all r ≥ 0.
Some Consequences
If we set α = β, r = 0 in Theorem 1, then we get
The last estimate is an extension of the result in Theorem A, where a similar estimate is proved only for functions f from the classC 0,α [0, 1].
The last estimate is a generalization of Theorem A for simultaneous approximation by Bernstein operators in Hölder norms. It also extends the result in [2] , showing that for all f ∈C r,α [0, 1], B n f − f r,α converges to 0 as n → ∞. , n → ∞.
